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Background and Motivation

• Great potential of biophysical models for personalised medicine, e.g. for cardiovascular diseases

• Parameter estimation and model calibration are challenging, due to the complexity of the cardiac 
function and availability of clinical measurements 

• Parameter estimation methods can benefit from machine learning

• Aims of this work:

• Extension of physics-informed neural networks (PINN) methodology to time-dependent 3D 
non-linear elasticity problems for cardiac applications

• Investigation of training methodologies

• Identification of biophysical properties of the myocardial tissue

Caforio et al, arXix 2023



Methodology: PINNs

Objective: identify the solution             and the unknown parameters    given:

considering noisy observations
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Objective: Find the weights and biases     of a NN and the unknown parameters     s.t.
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Methodology: PINNs

OBJECTIVE FUNCTION REGULARISATION

Raissi et al, JCP 2019
AUTOMATIC 

DIFFERENTIATION
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Methodology: PINNs

Objective: Find the weights and biases     of an ANN and the unknown parameters     s.t.
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Methodology: Random Fourier Features

Idea: Replace first layer with non-trainable frequency features:

Tancik et al, AIPS 2020
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Results in a network architecture
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Methodology: Exact Boundary Condition

Idea: Dirichlet boundary       can be explicitly imposed with a distance function: 
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This results in a network architecture:

Especially for homogeneous boundary conditions:
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Guccione Model for Passive Stress 
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• Transverse-isotropic material:

• Geometry: Parallelepiped
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• stiffness:                    , nearly-incompressible material : 

Guccione model for Passive Stress:  
Forward Solution
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Guccione Model for Passive Stress:  
PINN-based Reconstruction of Forward Solution

No Fourier features | 900 boundary points | 500 data points | Sobol sampling

•

1000 data points
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Guccione Model for Passive Stress:  
Loss Terms

• PDE loss                  on test points, • Fit loss                   on test points, 
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Guccione Model for Passive Stress:  
PINN-based Estimation of Stiffness

• With Fourier features,• Without Fourier features,
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Guccione Model for Passive Stress:  
PINN-based Estimation of Stiffness

• With Fourier features,• Without Fourier features,
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Guccione Model for Passive Stress:  
Loss Terms
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Ambrosi Pezzuto Model for Active Stress 

• Quasi-static problem:

• Transverse-isotropic material: 

• Geometry: Cube
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• stiffness:                    , nearly-incompressible material:                     

• active stress parameter:

Ambrosi Pezzuto Model for Active Stress:  
Forward Solution
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Ambrosi Pezzuto Model for Active Stress: 
PINN-based Reconstruction of Forward Solution

Boundary layer | 500 boundary points | 500 data points | Sobol sampling
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Ambrosi Pezzuto Model for Active Stress:  
PINN-based Reconstruction of Stress

• With explicit Dirichlet boundary, 

Relative error on    : 2.6E-02

• With implicit Dirichlet boundary,

Relative error on    : 4.9E-02
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Ambrosi Pezzuto Model for Active Stress:  
PINN-based Reconstruction of Stress

• With explicit Dirichlet boundary, 

Relative error on    : 3.2E-02

• With implicit Dirichlet boundary,

Relative error on    : 5.5E-02
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Bestel–Clément–Sorine Model for Active Stress 

• Time-dependent problem:

• Transverse-isotropic material: 

• Active stress:

• Geometry: Cube
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Find u s.t.
8
>><

>>:

@2
t u�r ·P(u) =0 in ⌦⇥ (0, T]

P(u)n =0 on �N

u =0 on �D

u(x, 0) =u0 in ⌦

<latexit sha1_base64="009kSJCCyxPH9nndIxQZBzTaQ/g="></latexit>

�D

<latexit sha1_base64="5xOUg5/4Eg9l8Sv76nYMnuVNZ8s="></latexit>

�N

<latexit sha1_base64="KquyOV4TM+BImNEdaTLG/LzTz4A="></latexit>

Pact = Sa(t)
Ff0 ⌦ f0p
Ff0 · Ff0

<latexit sha1_base64="bFs0PZfdB281ryh6s8JsasWinGk="></latexit>

f0

<latexit sha1_base64="ohGrufICqi935NfGXuiXSclT9kc="></latexit>s0

<latexit sha1_base64="LTjMX+o+WcwWiF8hs/Y1pVDbtJw="></latexit>n0



Bestel–Clément–Sorine Model for Active Stress 

• ODE for active stress:

• Parameters:
<latexit sha1_base64="FPfXwrXC2x7XMTf2Qkw8rkSQs5g="></latexit>↵min

<latexit sha1_base64="cKPXp8jATXzGbnttAAIeEsswuJM="></latexit>↵max
<latexit sha1_base64="o/NEvyrwvVGf6ucLihm9NSZZq28="></latexit>

tsys
<latexit sha1_base64="ZEluyJFaUvAJ0/dpe2xi1mkshaU="></latexit>

tdias
<latexit sha1_base64="WDXbWHXYY5KzaJl+s2ll9EqCz7Y="></latexit>�0

-30 5 0,161 s 0,484 s 150 kPa

<latexit sha1_base64="RWjl+ysqQqDy82yv0Cw5/Pp4f7Q="></latexit>

with |a(t)|+ = max{a(t), 0}
a(t) = ↵maxf(t) + ↵min · (1� f(t))

f(t) = S+(t � tsys) · S�(t � tdias))

S±(�t) =
1
2

✓
± tanh

✓
�t
�

◆◆

Bestel et al, MICCAI 2001

<latexit sha1_base64="/BYnzZhapTLwS8eYikUc6te5/wE="></latexit>

Find Sa s.t.
⇢

Ṡa(t) = �|a(t)|Sa(t) + �0|a(t)|+ for t in (0, T]
Sa(0) = 0



• stiffness:                    , nearly-incompressible material:                      , maximal stiffness

Bestel–Clément–Sorine Model for Active Stress:  
PINN-based Reconstruction of Forward Solution

<latexit sha1_base64="xDgSHi9FvpiO52Srn6rKb5B5YNo="></latexit>

µ = 0.8 kPa
<latexit sha1_base64="zVR3n/QUrpZMAEHvrxlMxRpleAI="></latexit>

� = 650 kPa
<latexit sha1_base64="x/3/lpr3sJ5KMEKsbYDquemGjTc="></latexit>

�0 = 150 kPa

CCL@MUG



Bestel–Clément–Sorine Model for Active Stress:  
PINN-based Reconstruction of Stiffness

<latexit sha1_base64="iPE9fIfj2Iv7NWHBo830lGmNRWE="></latexit>

C = 0

• 10000 data points

• 160-350ms

• 5 seeds

• 1000 Adam + 14000 BFGS 100 101 102 103 104

No. iterations

10≠3

10≠2

10≠1

100

Relative error on ‡0 Test fit error on u losses test/PDE mean

<latexit sha1_base64="mvzH5PISf4/Y6vysjAwmC1DFhiI="></latexit>

{52 data points per ms

<latexit sha1_base64="xrrDliYLigwhOj0RYtqf7K2ix1Q="></latexit>�0

• With Dirichlet boundary layer,

Relative error on     : 0.9E-02



<latexit sha1_base64="z5AJvNOaWPigNTOwXdJz/hsxDQM="></latexit>

C = 0.05

Bestel–Clément–Sorine Model for Active Stress:  
PINN-based Reconstruction of Stiffness

• 10000 data points

• 160-350ms

• 5 seeds

• 1000 Adam + 14000 BFGS 100 101 102 103 104

No. iterations

10≠3

10≠2

10≠1

100

Relative error on ‡0 Test fit error on u losses test/PDE mean

<latexit sha1_base64="mvzH5PISf4/Y6vysjAwmC1DFhiI="></latexit>

{52 data points per ms

• With Dirichlet boundary layer,

Relative error on     : 1.3E-02<latexit sha1_base64="xrrDliYLigwhOj0RYtqf7K2ix1Q="></latexit>�0



Discussion and Future Steps:

Discussion: 

• Efficient and versatile algorithm

• Robustness and convergence properties empirically proved in different testcases



Discussion and Future Steps:

Future developments: 

• Accelerate training for time-dependent case

• Realistic geometries 

Discussion: 

• Efficient and versatile algorithm

• Robustness and convergence properties empirically proved in different testcases



Thank you for your attention.
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