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Molecular quantum dynamics
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Time-dependent Schrödinger equation Time-independent Schrödinger equation

M. S. Robinson, J. Küpper, Phys. Chem. Chem. Phys. 26, 1587 (2024).
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Solving molecular time-independent Schrödinger equations

H n = En n n = 0, 1, . . . ,M � 1

H : D(h) ! L
2

H n = En n �!|{z}
 n⇡ ̃n,✓

H · C = ẼS · C, H
nm

= h ̃m|H ̃ni,Snm
= h ̃m| ̃ni

Objective

min
✓

Tr(H̃)

D. Gottlieb and S. A. Orszag, Numerical analysis of spectral methods: theory and applications, SIAM, 1977.
J. Hermann, Z. Schäzle, F. Noé, Nat. Chem. 12, 891 (2020).
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Choices of trial functions  ̃n
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+ symmetryconstraints

<latexit sha1_base64="UgJlc47EMt3kw7e6eV94ZPsaQEQ=">AAACCHicbVDLSgMxFM3UV62vUZcuDBbBhZQZKepGKLpxWcE+oDMMmUzahiaZIckIZZilG3/FjQtF3PoJ7vwb03YW2nrgwsk595J7T5gwqrTjfFulpeWV1bXyemVjc2t7x97da6s4lZi0cMxi2Q2RIowK0tJUM9JNJEE8ZKQTjm4mfueBSEVjca/HCfE5GgjapxhpIwX2oacpi0jmJYrmQSZOeQ6voJcM6ewR2FWn5kwBF4lbkCoo0AzsLy+KccqJ0JghpXquk2g/Q1JTzEhe8VJFEoRHaEB6hgrEifKz6SE5PDZKBPuxNCU0nKq/JzLElRrz0HRypIdq3puI/3m9VPcv/YyKJNVE4NlH/ZRBHcNJKjCikmDNxoYgLKnZFeIhkghrk13FhODOn7xI2mc197xWv6tXG9dFHGVwAI7ACXDBBWiAW9AELYDBI3gGr+DNerJerHfrY9ZasoqZffAH1ucPwPWZzg==</latexit>

 ̃n,m = �n,m

Computingcosts

Numberofatoms/
degreesof freedom

Numberofstates/
temperature

ISMandEarth

hotexoplanets

dissociation/
chemical reactions

<latexit sha1_base64="oYifHuk812+vl7WnMppWOqJrJds=">AAACHHicbVDLSgMxFM3UV62vqks3wSK4kDKjRV0oFN24kgr2AZ1hyGTSNjTJDElGKMN8iBt/xY0LRdy4EPwb03YW2nrgwsk595J7TxAzqrRtf1uFhcWl5ZXiamltfWNzq7y901JRIjFp4ohFshMgRRgVpKmpZqQTS4J4wEg7GF6P/fYDkYpG4l6PYuJx1Be0RzHSRvLLJ66mLCSpGyua+ak44hm8hK5KuHnAC3ibQZzLbh9xjnxR8ssVu2pPAOeJk5MKyNHwy59uGOGEE6ExQ0p1HTvWXoqkppiRrOQmisQID1GfdA0ViBPlpZPjMnhglBD2ImlKaDhRf0+kiCs14oHp5EgP1Kw3Fv/zuonunXspFXGiicDTj3oJgzqC46RgSCXBmo0MQVhSsyvEAyQR1ibPcQjO7MnzpHVcdU6rtbtapX6Vx1EEe2AfHAIHnIE6uAEN0AQYPIJn8ArerCfrxXq3PqatBSuf2QV/YH39AKdaoRI=</latexit>

 ̃n,m =
X

n<N

cn,m�n
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A motivating example for a way forward
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One needs: N � e
2a

2
. Solution: (�1 � (x � 10)| {z }

h

, . . . ,�N � (x � 10))
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Learning problem-specific basis sets

�
�n

�1
n=0

orthonormal basis of L
2 �!

�
�n�h

�1
n=0

,
�
�n�h | det Jh|1/2

�1
n=0

h is a di↵erentiable mapping that induces a well-posed composition

operator Ch : L
2 ! L

2
defined by Chf = f � h

Theorem 1.�
�n � h

�1
n=0

is a Riesz basis, resp.
�
�n � h | det Jh|1/2

�1
n=0

is an

orthonormal basis

if and only if

h is invertible and det Jh is essentially upper bounded.

Y. Saleh, A. Iske, A.Yachmenev, J. Küpper, Proc. Appl. Math. Mech. 23, e202200239 (2023).
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From spectral methods to spectral learning

Spectral methods �! Spectral learning

 m ⇡  ̃m =

X

n<N

cn�n �!  m ⇡  ̃m =

X

n<N

cn�n � h

To optimize h

min
h

l
�
 m,  ̃m(h)

�

Y. Saleh, Active and spectral learning for enhanced and computationally scalable quantum molecular dynamics,
Dissertation, Universität Hamburg (2023).
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Application: approximating Schwartz functions

• Objective function f 2 S.
• �n = �n.

• f̃ approximation in the linear

span of (�n � h)n<N .

Theorem 2. Assume

• h is such that (�n � h)n is a basis for L
2
(µ).

• � � h
�1 2 S for all � 2 S.

Then

kf � f̃ kL2(µ)  c(d ,N)kDf � h
�1kL1(µ)

Corollary Ẽk ! Ek as N ! 1 for special TISEs .

Y. Saleh, Active and spectral learning for enhanced and computationally scalable quantum molecular dynamics,
Dissertation, Universität Hamburg (2023).
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Faster convergence via spectral learning

Theorem 2. Assume

• h is such that (�n � h)n is a basis for L
2
(µ).

• � � h
�1 2 S for all � 2 S.

Then

kf � f̃ kL2(µ)  c(d ,N)kDf � h
�1kL1(µ)

Remark 1.: h = id standard results are recovered
1
.

H: class of functions satisfying Thm. 1 and Thm. 2.

Theorem 3. The optimization problem

inf{kDf � h
�1kL1(µ) | h 2 H}

admits a minimizer h
⇤
, h

⇤ 6= Id.

1C. Lubich, from quantum to classical molecular dynamics (2008)
Y. Saleh, Active and spectral learning for enhanced and computationally scalable quantum molecular dynamics,

Dissertation, Universität Hamburg (2023).
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Application to solving Schrödinger equations

Hydrogen sulfide  
3-dimensional system

(H2S) Formaldehyde  
6-dimensional system

(H2CO)

• Solve H m = Em m m = 0, . . . ,M � 1

• Trial and test function  ̃m,✓ =
P

n<N cn,m�n � h✓| det Jh✓ |1/2
• Optimization

min
cn,✓

Trh ✓|H ✓i
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Modelling h✓

q1
q2
q3

r1
r2
r3

h�(q1, q2, q3)h�1
� (r1, r2, r3)

q1
q2
q3

h�(q1, q2, q3)h�1
� (r1, r2, r3)

Identity mapping 
Standard spectral methods 

are recovered

Normalizing flow 
Induces a spectral learning 

paradigm
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Convergence as a function of N
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Y. Saleh, A. F. Corral, A. Iske, A.Yachmenev, J. Küpper, arXiv:2308.16468 (2023).
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Analogy to normalizing flows for generative ML

(�n)n =  basis of L2

r1
r2
r3

q1
q2
q3

h(r1, r2, r3; �)h�1(q1, q2, q3; �) �

(��
n)n = (�n � h�)n =  Augmented basis

 Spectral learning 

P0 =  Gaussian 

r1
r2
r3

q1
q2
q3

h(r1, r2, r3; �)h�1(q1, q2, q3; �) �

P� = P0 � h� =  Augmented Gaussian

 Generative ML 
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Summary

Computingcosts

Numberofatoms/
degreesof freedom

Numberofstates/
temperature

ISMandEarth

hotexoplanets

dissociation/
chemical reactions

•
�
�n

�1
n=0
 

�
�n � h

�1
n=0

• Spectral methods to spectral

learning.

• Orders of magnitude

improved accuracy for

vibrational eigenvalues of

molecules.

Y. Saleh, A. Iske, A.Yachmenev, J. Küpper, Proc. Appl. Math. Mech. 23, e202200239 (2023).
Y. Saleh, A. F. Corral, A. Iske, A.Yachmenev, J. Küpper, (2023), in preparation.

Y. Saleh, A. Iske, A.Yachmenev, J. Küpper, (2023), in preparation.
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